MANIN'S CONJECTURE FOR A QUINTIC DEL PEZZO 
SURFACE WITH A2 SINGULARITY 



ULRICH DERENTHAL 



Abstract. Manin's conjecture is proved for a split del Pezzo surface of 
degree 5 with a singularity of type A2. 
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1. Introduction 
Let S* C be the del Pezzo surface of degree 5 defined by 

X0X2 - = X0X2 - X3X4 = X0X3 +xf+ X1X4 

(1.1) 2 

= X0X5 + X1X4 + X4 = X3X5 + X1X2 + X2X4 = 0. 

It contains a unique singularity of type A2 and four lines, all of them defined 
over Q. Let U C S he the complement of these lines. 

We define the height of any rational point x G S{Q) that is represented 
by integral and relatively coprime coordinates (xq, . . . , X5) as 

H{x) := max{|a;o|, . . . , {x^l}. 

For any B ^ 1, let 

Nu,h{B) := #{x e C/(Q) I H{x) ^ B} 

be the number of rational points in U whose height is at most B. 
We prove the following result: 

Theorem. We have 

Nu,h{B) = cs,HB{\ogBf + 0(i?(log 5)^-1/5), 
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where 
and 

Woo = / dti dts die- 

^ItsMtil.ltititi+t^teMtitsteMtite+iiUiiti+titsteKl, i5>0 

Manin's conjecture |FMT89j predicts that Nu^h{B) grows as cB{\og BY^^ 
for S — 5- oo where k is the rank of the Picard group of the minimal desin- 
gularization S of S. As is a del Pezzo surface of degree 5 whose lines are 
defined over Q, we have A: = 5, so our result agrees with this conjecture. 

Peyre |Pey95| predicts that c is a product of a constant a{S) whose value 
is 1/864 by [Der07j and |DJT07j and a product of local densities. We expect 
that (1 — l/p)^(l + 5/p+ l/p^) agrees with the density at each prime p, and 
that Woo agrees with the real density, but we do not check this here. 

Note that S is neither toric nor an equivariant compactification of G^, so 
our theorem is not a consequence of |BT98| or [CLT02] . 

For the proof of the theorem, we use the basic strategy of |BB07] , |BBD07| 
and |DT07| together with the techniques introduced in |BD07j . In Section [21 
we translate the counting problem to the question of integral points on a 
universal torsor and split their counting into three parts. As outlined at the 
end of Section [21 these parts are handled separately in Sections [3 to [7] and 
put together again in Section [S] to complete the proof of the theorem. 



2. A UNIVERSAL TORSOR 

We use the notation 

r/ = (r/i, . . . ,774), r/' = (r/i, . . . ,?76), OL = {ai,a2) 
and, for (ni, . . . , n^) G Q^, 

(ni,n2,ra3,n4) — ™i„'^2 "3 714 
'/ '/l '12 '13 ''4 ■ 

By the method of [DT07j and using the data of [Der06j on the geometry of 
S and its minimal desingularization S, we obtain a bijection ^' : T — > U{Q) 
with 

T := {(t/', a) e X Z>o x | (12. ip and coprimahty conditions hold} 
where 

(2.1) rnvhe + mo^i + m(^2 = o 

and the coprimahty conditions are described by the extended Dynkin dia- 
gram oi El, . . . , Eq, Ai, A2 in Figure [H using the rule that two variables are 
coprime unless the corresponding divisors in the diagram are connected by 
an edge. The map ^ sends (77', ct) G T to 



in [/(Q). 



MANIN'S CONJECTURE FOR A QUINTIC DEL PEZZO SURFACE 



3 




Figure 1. Configuration of curves on S. 



Note that these coprimality conditions imply that the formula above for 
^{ri',a) results in relatively coprime coordinates ^{ri',a)i, so 

H{^{rj',a))=max{\^{r]',a)i\}. 

i 

With dH]), H{^{'q',OL)) ^ B implies 

(2.2) r,(i'i.2'2)r?i|%| ^ 25, v^'^^^'^^^^v'M' ^ 2B. 
Using ()2.ip . the coprimality conditions can be rewritten as 

(2.3) gcd(a2,%%) = 1, 

(2.4) gcd(ai,r?3r/4) = 1, 

(2.5) gcd(%,m^?2%T/4) = 1, 

(2.6) gcd(7/5,r/ir?2r/3) = 1, 

(2.7) gcd(7/i,r/2) = 1, gcd(7?i,?74) = 1, gcd(7/2,r/4) = 1- 

Therefore, the number Nu^h{B) coincides with the number of (ry',^) S 
Z5,Q X Z^o ^ which satisfy the torsor equation (|2.ip . the coprimality 
conditions (fTB|) ~ (fT71) and the height condition H {"^ [r]' , cx)) ^ B. 

Our further strategy is as follows. For fixed 77', we estimate the number of 
cx satisfying the torsor equation, the coprimality conditions and the height 
condition. We sum this number over all suitable 77' afterwards. To get a 
hold of the error terms in these summations, it will be useful to do this 
summations in different orders depending on the relative size of 771 , . . . , rye • 

We denote the number of (77', ct) contributing to Nu^h{B) that fulfill 

(2.8) Ir/5| ^ [r/el 
by Na{B), and the number of those satisfying 
(2-9) |r?5| < |%|- 
by Nh{B). 

We split the elements contributing to Ni,{B) further into two subsets: For 
some ^ > to be chosen in Section[51 let A'^;,^ [B] A) be the number of (77', a) 
satisfying (j2.9|) and 

while Ni)^{B] A) is the number of the remaining ones. 
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We deal with N[,^{B;A) in the following Section [3l As a first step for 
both Na{B) and N},^{B] A), we estimate the number of a in Section [5l For 
Na, we sum first over the bigger 775 and then over r/g in Section [6l while for 
N^,^{B; A), we sum in the reverse order in Section [71 The resulting main 
terms are put together and summed over the remaining variables r/i , . . . , r/4 
in Section [8] to complete the proof of the theorem. 



3. Estimating Ni,.^{B;A) 

Our strategy is to estimate the number of (77' , a) lying in dyadic intervals 
first, and to sum over all possible intervals in a second step. 

Lemma 1. We have Ni,.^{B;A) <^ S(logS)3(loglogS)2. 

Proof. Let M = M{Ni, . . . , Nq, 741,^2) be the number of {rj', a) subject to 
Ni/2 < |r/i| ^ for i G {1, . . . , 6} and Aj/2 < \aj\ ^ Aj for j € {1, 2}. 

Because of the height conditions and using the notation N^"i'"'2'"3,"'4) .— 
iVfiiV2"2Ar^3^n4^ we have, if > 0, 

(3.1) B{log B)-^ < n(2'2.3,2) ^ 

(3.2) NqAiA2 < B, 

(3.3) N^^'^'i'^^AfgA^e^i < B, 

(3.4) N(°'^'^'^)A^5A^6^2 < -B, 

(3.5) N(^'^'2'2)iv2Arg <^ 

(3.6) iV5<(logS)^. 

Here, (|3.5p follows from (j2.2p . As in |BD07t Lemma 5, 6], we obtain by esti- 
mating the number of ai, 02 in two ways first and summing over r/i, . . . , r/g 
afterwards: 

M < N:iNiN^NQ{NiAi)'^/^{N2A2f'^ + iViiV2iV3A^4iV5iV6. 

Next, we sum this estimate for 7V(A^i, . . . , A'^g, ^1, ^2) over all possible 
dyadic intervals, with Ai, . . . , Ag, ^1, ^2 subject to p.ip - ()3.6p . 
For the first term, we have using (I3.2p ~ ()3.5p 

N(i/2,i/2,i,i)^r5Arg^;/2yiV2 

Nx,..;N(i,Ai,A2 

« 51/^ Y N(V2,1/2,1,1)^^^3/4^1/4^1/4 

Ni,...,N(i,Ai,A2 

«B Y 1 

«^5(logS)3(loglog5)2. 

Here we have used that for fixed A2, A3,A4, there are only (log log S) 
possibilities for A^i and A5 by (|3.ip and (j3.6p . 



MANIN'S CONJECTURE FOR A QUINTIC DEL PEZZO SURFACE 

For the second term, we use ()3.5p to obtain 



Ni,...,Ne,AuA2 Ni,...,N5,Ai,A2 ° 

<.AB{logBf{loglogB), 

which completes the proof. 

4. Real- VALUED functions 

Let 

1*0*51, |*0*ll' 1*1*5*6 + *0*1*6|, 1*0*1*5*61) 
1*0*5*6 + *0*l|5 1*5*6 + *0*1*5*6| 



(4.1) /i(to,*i,*5,*6) := max 
Defining 

Yo := I I , Y 



^(2,2,3,2) ^_ ^ ^ ^1/5 



B I ' V^(2-3-2-3) 

B 



Y5:=Yq-\ Ye 



^(-3,-3-2,2) 



(4.2) 


5o(*0, *5) *6) 


(4.3) 


gf{to,te;r];B) 


(4.4) 




(4.5) 




(4.6) 




We have 




(4.7) 


g2{to;v;B) := 



we note that the height condition H{^{ri' , a)) ^ B is equivalent to 
h{Yo,a,/Yi,i^5/Y5,V6/Ye) ^ 1. 

Define 

Idti, 

h{to,ti,tr,,te,)^l 

5o(*0,*5,*6)dt5, 

nt5>l>6t6l,t5>0 

ffo(*0) *5) *6) die, 

Ye,t6\>max{Y5t5,l} 

g^{to,tQ;r];B)dtG, 

Yet6\>l 



oo 



5i(*o,*5;'?;-B)dt5. 







dti dts dig- 

/I(t0,tl,i5,i6)s;i,l>6t6l>l,t5>0 

Lemma 2. Let rj € 6e given. Then we have: 

(1) 5o(*0,*5,*6) < t^|J|i/2 - 

(2) 5f(to,*6;^;5) <io°°5o(*o,*5,*6)dt5 «min{-j7y^,^}. 

Cq 1 16 1 

(3) 5j(to,*5;^;5) « /!l9o(*o,*5,*6)dt6 « -474. 

tots 
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Proof. Since /i(toi ^i, ^5, ^e) ^ 1 implies ti ^ and ts ^ tg^, the second 
bound of ([2]) holds. 

It is not hard to check that given a,b € M\{0}, the condition \ati+bti\ ^ 1 
describes a set of ti whose length is <^ ""^^^ for 6^ ^ 8|a|, while its length 
is < < l"!""^''^ for b"^ > 8\a\. 

We apply this for a = t^tQ and b = t^tQ, which gives (?o(^0) ^5; ^e) 
(^ol^el) ""^^^ which is ([T|). Integrating it over tg ^ ^5'^^ (which holds since 
1^0*1^5^61 ^ 1 and \tltl + tltit^tel ^ 1 imply \tltl\ ^ 2) results in ([3]). 

For the first bound of ([2]), we distinguish the case tgtg ^ Sigl^el and its 
opposite. In the first case, we combine <C tg^^jiel"^^^ with ([T]). In the 
second case, we integrate go{to,t5,tQ) <C is^l^el"^ over ^ tg^^ltgl"^^^. CH 

Finally, we define 



(4.8) G2{to) := / dtidtsdte 

which is related to Woo defined in the statement of our theorem: 
Lemma 3. For any to > 0, we have G2{to) = 

Proof. Similar to |BD071 Lemma 7]. □ 

5. Estimating Na{B) and Nb-^{B;A) - first step 

For fixed rj' subject to the coprimality conditions (I2.5|) - (I2.7|) . let A^o be 
the number of 01,02 subject to (|2.1|) . /i(yo, %/^5, %/^6) ^ 1 and 
the coprimality conditions (j2.3|) . (|2.4|) . 

We remove (|2.3|) by a Mobius inversion and obtain 

Vivha = -m<^i (mod ^2^/2), 
h{Yo,ai/Yi,rj,/Y5,rjQ/Ye) ^ 1, 
D holds 



iVo= ^ MA:2)#< 



ai 



The summand vanishes unless gcd(/c2, ??i^4) = 1. Since 773,775 are coprime, 
we write ^2 = A:23^25 uniquely such that k2i \ rji for z S {3,5}. We check 
that fc25|cKi. We write r/5 = /C257/5, ai = ^2501 and obtain 

^0= ^ At(fc23)At(^25)^o(^23, A:25) 



gcd(fc23fc25,'?l'74) = l 



where 



A^o(A;23,A:25) = # < a'l 



A;25??4% % = -r/i"! (mod A;23r/2), 



/i(lo,a'iA:25/yi,r/5/n,r/6/l6) ^ 1, 

gcd(A;25a'i,%??4) = 1 

Note that gcd(A;25, t?37?4) = 1 holds automatically, so we may remove this 
condition. We remove the coprimality condition for a'^ by another Mobius 
inversion and obtain, writing a'l = kia'(, 

, , n ^n^ // ^25mv'im = -kima'l (mod fc23??2), 1 

No{k23,k25)= 2^ fl{k,)#ia, >lu u IV IV lv\^^\■ 

[ h{Yo,a^k25ki/Yi,7]5/Y5,7]6/Y(i) 
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Note that the summand vanishes unless gcd(A;i, A;23??2) = so we may re- 
strict the summation over /ci 1773774 subject to gcd(/i:i, ^23772) = 1- Since then 
gcd{kir]i, A;23772) = 1, the number of a'/ is 

go{Yo,V5/Y5,V(>/y6) + 0{l). 



Define ^*(77) := Rpi Jl " Vp)- 
Lemma 4. We have 

No = -go{Yo,V5/Y5,V6/Ye)Mv) + 0{Ro{v,V5,r]e)) 

772 0*(gcd(775, 774)) 

with 



, , ^230*(gcd(773, A;23r?2)) 

gcd(A:23,»7l%)=l 

and 

Proof. For the main term, note that 



1. I ^ I ^23^25 h 

gcd(fc23fc25,'?l'?4) = l gcd(fcl,fc23'?2) = l 



, , k23 0*(gcd (775, 771774)) (A*(gcd(773774, ^23%))' 

gcd{fc23,m^4) = l 

Using gcd(775 , 77i) = 1 and gcd(774, ^023772) = 1, we obtain 7?o- 
We have 

We sum this over aU suitable rji, . . . ,riQ and use ()2.2p to obtain 

2(^{v3)+i^{v5)+(^{v3m) Q 



T7(l,l,2,2)„2 

«5(logB)2, 

completing the proof of this lemma. □ 



6. Estimating Na{B) - second step 

Let Nf := Nf{r], rj^; B) be the sum of the main term of Lemma H] over 775 
subject to (j2.6p and (j2.8p . We sum the main term of A''f over 770 afterwards 
to obtain N^{r];B). 
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Using [B D071 Lemma 2] with a = 0, q = 1, we obtain (where fa,b{n') is 
defined to be (/)*(n)/0*(gcd(n, a)) if gcd{n,b) = 1 and to be zero otherwise) 



K = —Mv) fv4,viV2mi'n5)9oiyo,V5/Y5,rjQ/YQ;r];B) 

V5^\va\ 

Ills /V n\Q f ■.4>*{'nimm) tt 

v\'ni'n2m'nA 

Km ts 

where the supremum is taken over ^ |rye|/Y5. 
Lemma 5. We have 

= ™ 5?(lo, %/l6; V; B)r,{r,) + 0(i2?(r7, B)) 

m 

with 
and 

5;i2?(r,,r/6;i?)« Slogs. 

Proof. The main term is clear. Define (l^{n) := Y[p\''^{^ + '^/p)- For the 
error term, we use Lemma [5]|T]) to estimate its sum over J7,r/6 as 



Here, we use 



V4: ^ 



^^4: ^^^^^^^^^^^ 

~ 2^ 1/2 1/2, TTT^ 

2^(viV2m)(i)^r]3)BlogB 

2^ „(5/4,5/4,5/4,0)U 13/2 

<SlogS. 



^(2,2,3,0) I y ^(1,1,2,0) I j^g|3y ^(3/4,3/4,5/4,0) I 



which is obtained with (12.81). □ 



To sum the main term of Nf over r/g , we remove the coprimality condition 
(|2.5p by a Mobius inversion and obtain, writing rj^ = k^riQ and applying 



MANIN'S CONJECTURE FOR A QUINTIC DEL PEZZO SURFACE 

partial summation, 

kfi\r]rn2r]3m he 1^1 



Ke\TllV2n3V4, I o/ 

E 1^(^6)1 sup gUYo,t,;v;B)] 

KelriiViiTirii ' ' ' I 



Lemma 6. We have 

with 
and 

Y,R2{v;B)<:B{\ogBf-^i\ 

Proof. In order to replace the integral over |te| ^ fee /Ye in the estimation 
before the statement of the lemma by 52 (^o! V'^ B), we must add 

as a second error term. 
We distinguish the case 

(6.1) r/(3.3,4,2) < 

for some A > to be chosen later, giving a total contribution -E'i(A) to the 
error term, and its opposite 

(6.2) T7(3.3'4,2) ^ ^j^^ 

contributing in total E2{\). 

Starting with Ei{\), we use the first bound of Lemma • For the first 
error term, we obtain 

„ V V \ii{h)\ct>'^{m)YiY,Y^'' 
jHrjs)B^ 

^ „{l/4,l/4,0,l/2) 

^ „(i,i,i,o) 
< Ai/4B(logS)^ 
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For the second error term, we use 

g'i(Yo,te;iT,B)dt6<^ / — dig < -77^ 



and obtain 



(/)t (r/i ?72r?3r/4 ) 0t (r?3 ) 53/4 



« E 



^(1/4,1/4,0,1/2) 



r7(i.i,i>0) 

Vl,V2,V3 ' 



« Ai/^S(logS)3. 

Therefore, ^i(A) < Ai/^S(log5)3. 

For i?2(A), we use the second bound of Lemma EljS]) . For the first part of 
this error term, we get 



«E E 



^ „(4,4,5,3) 

^ ^ WmJo) 

< A-iS(log5)^. 
For the second part of the error term, we use 

/ gnYo,tG-r]-B)dtG<^ dte <^ 

Jl/Ye Jl/Ye ^0 ^0 ^6 

and obtain 

HhMHm)YiY5Ye h 



^7 kc\r]ir]2mV4 



2'-'(m^2r?3r?4)0t(j^3)_B: 
r,(4,4,5,3) 



2 



« E 



Vl,V2,V3 



< A"^B(logS)^ 

In total, E2{X) < X-^B{logBy. 

Choosing A = (logB)^^/^ gives a total error term of 0(B(log 5)^-1/5). □ 
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7. Estimating Nh^{B;A) - second step 

Let iVf := iVf (r/, B) be the main term of A'^o in Lemma H] summed over 
r/6 subject to ()2.5p and ()2.9p . We denote the main term of this summed over 
anr/5 hy Nl:=Nl{iT,B). 

We remove (I2.5p by a Mobius inversion and get 



ry2 (/> (gcd(r/5,r/4)) ^ 

K6|'7i';2»;3»;4 

where 

A= 9o{Yo,V5/Y5,h7]yY<,;r];B). 

By partial summation, 

A = ^g\{Yo, r/s/n; r?; B) + O(supgo(>o, r/5/n, te)), 

where the supremum is taken over tg subject to Itgl > %/i^6- 
Lemma 7. l^e /laue 

ATf = ™g^^{Yo, 775/15; ^KW .v/hI"^'^ + 

V2 <P*(gcd(?75,r?4)) 
^5(r;) ■.= -do{r])(f)*{riir]2mm) 

and 

YR\irj,ri5;B) ^B log B. 

Proof. The main term is clear. We apply Lemma [2]|T]) to deduce that the 
error term can be estimated as 

Eii;w...;B)«E '"""'"'°'"'t>''''°"^ 

T7,r?6 V<m ^2??5 lo 

~ Z-,' 1/2 1/2 1/2 

rj.rjs ^1 % ^5 

2^(viV2V3)(i)t(^r]3)BlogB 

...tra,.^ ^7(5/4,5/4,5/4,0)^3/2 
< 5 logs. 
In the last step, we have used 

B f B 51/2 



jj{2,2,3,0)rjrj \^ ^(1,1,2,0)^3 y ^(3/4,3/4,5/4,0)^^^' 

which we obtain using ()2.2p and ()2.9p . □ 
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Next, we sum the main term of Lemma [5] over all suitable 775. Apply 
[BD071 Lemma 2] with a = 0, q = 1 to obtain 

= ^i9\{v) Yl fm,mmmiV5)gl(Yo,v,/Y,;ri;B) 



P\ViV2V:iV4 



+ o(^\^\{ri)\{logB)2^(^^^'^'^hnvg\{Yo,h-,v;B: 
+ ( /■ 5i^(yo,t5;r7;i?)di5 ) , 

where the supremum is taken over > I/I5. 
Lemma 8. We have 



= -^^g'2{Yo;v; B)niv) + 0{Rl{v; B)) 



with 



-1 



p\viV2mv4, 



and 



Y,R\{ri;B)<^B{\ogBy-''l\ 



where the sum is taken over rj satisfying (I2.10p . 

Proof. The main term is clear from the discussion before the lemma. The 
first part of the error term makes the contribution 

2^(^^^^^^UHm)yiy6iogB , 

< >^ sup gi(Yo,t5;iT,B). 

V 

We use Lemma [2]|3l) and (f2T0]l to obtain 

2'^(viV2V:i)^^^^^YiY^^%logB 

- 1^ „{l/2,l/2,l/4,l/2) 

2'^(.viV2V3)^t(^r]3)B(logB)^'^/'^ 

2^ „(i, 1,1,0) 

m,V2,m 



<.B{\ogBf-^'^. 
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The contribution of the second term is, using Lemma [2l[3]) and (j2.10p 
again, 

^ m Jo Yotf' 

0t(^3)ij3/4 
„(l/2,l/2, 1/4,1/2) 

^ ,/.t(r?3)i3(logij)-^/^ 
„(i,i,i,o) 

This completes the proof of the lemma. □ 

8. The final step 
By the discussion at the end of Section [51 we have, for any yl > 0, 

Nu,h{B) = Na{B) + Nb,{B; A) + Nb,{B; A). 
By Lemma [H 

Nu,h{B) = Na{B) + N,,{B;A) + ©^(^(log 5)3(log log B)^). 
Using Lemmas [S] and and combining their error terms shows that 

N,{B)= ^ I}M^g-(Yo;v;B)r,{ri) + OiBilogB)^-'/^), 

r?G£(B) 

where 

f(t) := I (EH), 77(2.2,3,2) 

for any I, while Lemmas HI [7] and [8] give, choosing A := 28, 

N,,iB-28) = Yl ^^^9l{Yo;'n;B)dl{r^) + OmogBf). 

— V2 

T7g£:{B/{logB)28) ' 

Recall the definition (14. 7p of 52- 
Lemma 9. We have 

Nu,h{B)= V ^^^g2{Yo;v;BMv) + OmogBf-'/') 

Tin 



V&£{B) ^2 



where 



9/ N ^ (t>*{mm)(t>*{mmmW{mmmm) tt J_^ ^ 
■ C(2) , V 

/ \ 

/^(^23) 



X 



, , ^230*(gcd(?73, A;23ry2)) 

\gcd(fe23,f?l'?4) = l / 
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if the coprimality conditions ()2.7|) hold, and ??(J7) := otherwise. 

Proof. We easily check that '&{t]) agrees with ??2 1*?) ^^'^ ''^2(^) V satisfying 
(EH). 

In view of the discussion before the lemma, it remains to show that 

V€£{B)\£{B/i\ogBm ^2 

makes a negligible contribution. 
Indeed, we estimate this as 

Ties {B)\£{B/ (log B)2») 



since we have 



riCi. 1-1.1) 

V&£{B)\£{B/{\ogBr») ' 

< 5(log5)3(loglog5) 



g!^ito-r];B)<^ [ %J(to, t5; ^7; 5) dts « /" 
JO Jo 



. ,3/4 ""^^ f2 



using Lemma [2)j3]) and the fact that g\{tQ,t^;ri] B) = unless ^5 <C l/t^ 
by g3]). □ 

Define 

Lemma 10. We have 

Nu,h{B) = u^ooB -^^)+0{B{\ogBf-'l'>). 

ri&£*{B) ' ' ' 



^1/4 
^6 



Proof. By Lemma , we have 

g2(Yo;v;B)<^ [ dtg « ^,3. 
Therefore, 

L — — 52(lo;r?;mr7)« 2. ^1/2 

■ne£{B)\£*(B) ^{3,3,4,2)^5 ??2io 

0t(,^3)B3/4 



« E 



„{l/4,l/4,0,l/2) 
^(3,3,4,2)^5 ' 

^ ^^m)B 

^ n(i,i,i,o) 
< B{logBf. 
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This proves that 

■ne£*{B) ' 

Comparing the definitions (j4.7|) and (|4.8|) of the functions 52 and G to- 
gether with the estimation 

E dtidtsdte 

^ </.t(r?3)ij^ 
„(4,4,5,3) 

< B(logS)= 
shows that 

Nu,HiB)= ^^G2{YoMv) + 0{B{logB)'-'/') 



1,1,0) 



\3 



Finally, we note that 

nn^G ^ _ nn^G __B_ 

using Lemma El □ 
For k = {ki,k2, k^, k^) G Z^q, let 

Hv) 



Ak(n) := 5^ 
Consider the Dirichlet series 



77,'' ^— ' 7)(fcis+l,fc2S + l,fc3S+l,fc4S+l) 
n=l TjeZ* , ' 



'>o 



It is absolutely convergent for Ke(s) > 0. We write it as an Euler product 
-^k('S) = Y\pFk,pis), where we compute that -Fk,p(s) is 

(1 - 1/p) • (1 + l/p) + -r-TT^ + -T-TT^ + 



pfeis+l _ ]^ pfc2S+l _ \ pk4S+l _ ]^ 

+ ZJ^^ T (1 - 2/p) + 3T7T^ T + 



pfcas+l _ ]^ I ^ pkis+1 _ ^ pk2S+l _ pk4S+l _ ]^ 
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For e > and k G {(2, 2, 3, 2), (3, 3, 4, 2)} and all s G C lying in the half-plane 
3fie(s) ^ — 1/8 + e, we have 

We define 

and note that F\^[s) has a meromorphic continuation to Ke(s) ^ —1/8 + e 
with a pole of order 4 at s = 0. 

As in |BD071 Lemma 15], we use a Tauberian theorem to show that 

Mk(i) :=5^Ak( 

can be estimated as 



for some (5 > and P a monic polynomial of degree 4. 
Using Lemma [TUl and the definitions of and M^, 

Nu,h{B) = ^ooB (A(2,2,3,2)(n) - A3,3,4,2(n)) + 0(i?(log 5)4-^/5) 

= ^ooGk(0)i - ^7^) B{logB)^ + 0(S(logS)4-V5) 



Since 



and 



864 4IV23-3 2-32.4 



this completes the proof of the theorem. 
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